an affine connection having zero curvature and torsion. A complete locally affine real manifold is of the form R n jΓ ([3] ) and a complete locally affine complex manifold is of the form C n /Γ( [7] ); Γ denotes a freely-acting properly discontinuous group of real or complex affine transformations, and the connection is induced from the usual one on R n or C n . This representation allows a group-theoretic study of complete locally affine spaces, the most difficult aspect of which is determining which abstract groups can be embedded in the group of affine transformations of R n or C n to give a Γ as described above. Such groups are of course the fundamental groups of complete locally affine spaces.
Kuiper ([5] ) has studied compact locally affine real surfaces, benefiting from the knowledge of fundamental groups of compact real surfaces in general. Auslander ([1] ) has studied compact locally Hermitian complex surfaces, benefiting from the fact that these are finitely covered by tori, a fact which is a consequence of Bieberbach's theorems on crystallographic groups. Vitter ([8] ) has studied arbitrary compact locally affine complex surfaces using the results of Kodaira on general complex surfaces.
In this paper, we prove several results about the fundamental group Γ of a compact complete locally affine complex surface C 2 /Γ which are necessary for a detailed study of such structures. We show: Γ is a finite cyclic extension of a subgroup Γ Q ; Γ Q is either abelian or nilpotent and its structure can be described precisely. If a were Φ 1 we would have AB -(n Λ)> i n contradiction to 2.1.
Hence every element of h(Γ)
is simultaneously conjugate to a matrix of the form (n ,A and we are done in this case. Since Γ is abelian, we must have all s' = 0. \0 0 1/ 3* Topological preliminaries* The hypotheses that Γ acts properly discontinuously on C 2 and that C 2 /Γ is compact are brought into play in this section.
Suppose now that no element of h(Γ) is diagonalizable. Let A be a non-identity element of h(Γ). Conjugate
We note the following important fact ( [4] ), p. 357): The dimension of a real Euclidean space on which a group Γ acts freely, properly discontinuously, and with compact orbit space is determmed by Γ itself, namely as the projective dimension of the integer group ring of Γ.
As a first application of this remark, we prove the following from Auslander ([2]). Proof. Let V be the real subspaces of C 2 spanned by the translational parts of elements of Γ. Then the action of Γ on C 2 sends V to itself. Further, Γ acts freely and properly discontinuously on V> and V/Γ is compact. By the remark above, V and C 2 have the same dimension, so V = C 2 .
COROLLARY 3.2. If Γ a A(2, C) is abelian, acts freely and properly discontinuously, and C 2 /Γ is compact, then Γ is conjugate in A(2, C) to a subgroup of the group of all matrices of the form
(1 b r\ 0 1s. \0 0 1/ Proof. By 2.8, the only alternative is that Γ can be conjugated /I 0 r\ to a subgroup of the group of all matrices of the form 0 d 0 . By \0 0 1/ 3.1, this cannot happen. Proof. By direct computation we verify that
/I fn / fn n for all integers n, and that the matrix C n = A~nBA n B~ι = 0 1 v n \0 0 1 has entries given by 
, and sf = bv imply AB = BA; a contradiction.
Assume that d is not a root of unity and consider the points (#», 2/») of C 2 obtained by applying the distinct transformations C n of Γ to the point (0, v -sh/(d -1) ). We havê
, we may find a sequence n f tending to infinity such that FUNDAMENTAL GROUPS OF COMPACT COMPLETE LOCALLY AFFINE 493 lim d ni = 1. Then the sequence of points (x n ., y n .) has a limit in C 2 , contradicting the assumption that Γ acts properly discontinuously. If \d\Φl, we may assume \d\ > 1. Again this sequence of points has a limit point and we obtain a contradiction. Proof. Let Γ Q be the subgroup of Γ obtained in 3.4. By results of Malcev ([6] ) on nilmanifolds, Γ o may be considered as a discrete subgroup of a unique connected simply-connected nilpotent Lie group N such that N/Γ o is compact. Then Γ o acts freely and properly discontinuously on the space N and the orbit space is compact. JV is topologically Euclidean, so by the remark preceding 3.1, the real dimension of N is four. Now, there are only two four-dimensional (all real connected simply-connected Lie groups, namely R 4 and j matrices (of the form /I a c\) 0 1 b \\ x R. For these two groups, the discrete subgroups with \0 0 1/J compact quotients are known to be isomorphic to If G is the trivial subgroup (0) of C, then the "holonomy group" h(Γ) is finite cyclic of order n and we are in the case studied by Auslander in [1] . In this case, n = 1, 2, 3, 4, or 6. Assume now that G is not trivial. Then G is a free abelian group of rank r, with 1 ^ r ^ 4, since Γ Q can be generated by four elements. Let δi , b r be a basis of G. Expressing λδ^ in terms of this basis and taking a determinant, we obtain a polynomial of degree r with integer coefficients which is satisfied by λ. Hence the field generated by λ over the rationale is of degree at most r. This field is the field generated by a primitive n th root of unity, so it has degree φ(ri), where φ is Euler's totient. Thus φ{n) ^ r. The only solutions of φ(n) ^ 4 are those listed in the statement of the theorem.
The groups Z 4 and D k of 4.1 do occur as subgroups of A(2, C) which act freely and properly discontinuously on C 2 with compact orpbit space. Which cyclic extensions of these groups can occur is a more delicate question. A complete locally affine surface may be represented in two ways as C 2 /Γ and C 2 /Γ'. This corresponds to Γ and Γ f being conjugate in 4. (2, C) ; the element of A(2, C) effecting the conjugation amounts to a change of coordinates on the surface. This allows us to interpret 4.1 as follows.
Consequences 4.3. 1. A compact complete locally affine complex surface has a fundamental group which is solvable and is an extension of Z 4 or some D k by a finite cyclic group of order 1, 2, 3, 4, 5, 6, 8, 10, or 12. 2. Such a surface is finitely covered by another such surface which is a nilmanifold with fundamental group Z 4 or some D k ; the cover is normal with deck transformation group cyclic of one of the above orders.
We conclude with a proof of the following theorem. This result was also obtained by Vitter ([8] ) using the fact that the presence of a locally affine structure on a compact complex manifold implies that [all its Chern classes, excepting the zeroth, are zero. 
